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Abstract 



We consider the problem of a body moving within an incompressible fluid at constant speed parallel 
to a wall, in an otherwise unbounded domain. This situation is modeled by the incompressible Navier- 
Stokes equations in an exterior domain in a half space, with appropriate boundary conditions on the 
wall, the body, and at infinity. We focus on the case where the size of the body is small. We prove in 

Q, . a very general setup that the solution of this problem is unique and we compute a sharp decay rate 

^^ ' of the solution far from the moving body and the wall. 
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1 Introduction 

In the present paper we discuss solutions of the Navier-Stokes equations for the stationary flow around 
a body that moves with constant speed parallel to a wall in an otherwise unbounded space filled with a 
fluid. The mathematical formulation of the problem is as follows. Let il+ = {x = (x, y) G R^ | y > 1}, 
and let Bt = {{x, y) S K^ | (a;, y) +tei G B}, where ei = (0, 1) and where i? is a bounded open connected 
subset of il+ such that B C ft+. As a function of f > 0, the set Bt corresponds to a body which is 
immersed in a fluid and moves at constant speed from right to left parallel to the wall 9^7+. The flow 
around this body is modeled by the Navier-Stokes equations 

atU = -(u-v)u + Au-vp, ,. 

V-U = 0, ^' 

in Oj = r2+ \ Bt with the boundary conditions (the boundary dQ-^. is at rest and we choose no slip 
boundary conditions at the surface of the body), 

U|ao+ = , ^Um U(x, t) = , Ulg^^ = -ei . (2) 

|x|— >oo 

We are interested in the construction of solutions of equations ((ij-llll) that are stationary when viewed 
in a reference frame attached to the moving body. We therefore set 

U(x, t) = u(x + tei) , P(x, t) = p(x + tei) , 

and get the following stationary problem: 



- (u • V) u - d^,u + Au-Vp = , 
Vu = , 



(3) 



in ri-|_ \ B, with the boundary conditions 



"les = -ei , u\g^ = , lim u(x) = . (4) 

|x|^oo 

Note that we have set without restriction of generality all the physical constants and the speed of the 
moving body equal to one. This can always be achieved by an appropriate scaling. With this choice 
of normalization the Reynolds number of the moving body corresponds to the diameter s oi B. The 
problem contains a second length-scale, which is the distance h of (the center of) B from the wall 9ri+. 
In this paper, we are interested in the regime where e is small, and in particular small with respect to h. 
The system ^ with boundary conditions (|3|) is related to the so-called exterior Navier-Stokes problem: 



-A((u-Uoo) • V)u + Au- Vp = 

V-u = 



\B (5) 



"las = "* ' , 1™ u(x) = . (6) 

|x|— >oo 

where S is a bounded open connected subset of R" with smooth boundary, A G R is the Reynolds number, 
Uoo G M" is a prescribed asymptotic velocity and u* G H^/^{dB) is a given boundary condition. Most 
of the methods for solving this problem are extensively described in the fundamental book of G.P. Galdi 
[5]. We give a brief outline of some results in the following lines. 

The first methods to solve such exterior problems go back to the pioneering work of J. Leray |15) . 
In this reference, the author introduces an invading domain method yielding existence of at least one 
weak solution to ([S])-® whose velocity-field u satisfies ||Vu ; i^(R" \B)\\ < oo. A comparable result is 
obtained by H. Fujita [7]. Similar weak solutions are constructed also for exterior Navier Stokes system 
([5]) with other types of boundary conditions on dB (see [TB] and [H]). The only shortcoming of these 
weak solutions is that insufficient information is obtained on the behavior at infinity. In the case n = 2 
with Uoo = 0, it is still not known whether the vanishing condition at infinity is satisfied by weak solutions 



or not (see pQITU] and [12] for recent developments in this question). This difBcuhy is hnked to the famous 
Stokes Paradox which holds in two space-dimensions. For the geometry of the present paper, existence of 
weak solutions for (jSj decaying at infinity, combined with other boundary conditions, is studied in |12) . 

In the case Uqo 7^ 0, a more refined description of the asymptotic behavior of solutions to (O-® is 
given in a second series of papers. These results rely on the idea that the dominating system at infinity 
is the Oseen system : 

Auoo • Vu + Au - Vp = , , . 

V-u = 0. ^^ 

A detailed comprehension of the asymptotics of solutions to this linear system enables to construct 
solution to (O-® via a standard perturbation technique and then to compute the asymptotics of the 
constructed solutions. Such an analysis is performed by K.I. Babenko in the SD-setting [3], and by R. 
Finn and D.R. Smith [5] and L.I. Sazonov [T7] in the 2D-setting. This method is transposed to the 
geometry studied in the present paper by T. Fischer, G.C. Hsiao and W.L. Wendland in [S|. In this last 
case the difficulty linked to the Stokes paradox is less limitative. In particular, the Stokes problem : 

Au - Vp = , . , ^ , - 

V-u = 0, "i^+\^- (8) 

"las = u* > u|ao , = , , lim u(x) == , (9) 

|x|— >oo 

is well-posed. In [5] existence of solutions to ©-Q is obtained via a perturbation method based on 
this linear Stokes problem. Nevertheless, the dominating system at infinity in our case is still the Oseen 
system with Uoo = ei so that no precise asymptotics of the constructed solutions is given in [6]. This 
computation requires a very careful analysis of the Oseen linear system in the half space, the analysis 
of which is not yet available with these former methods. For completness, we mention here that the 
properties of the Stokes system in the geometry of the present paper is studied in the more general 
framework of weighted Sobolev spaces in [2] . No equivalent study for the Oseen system is provided to 
our knowledge. 

The present paper uses a dynamical-system approach for studying the asymptotics of solutions to an 
exterior Navier Stokes problem. In this method, the first idea is to interpret one coordinate as a time. 
Then, one rewrites Q as a system of nonlinear evolution equations. Solutions are constructed via a 
perturbation method in function spaces enabling to compute the exact long-time behavior. In return, 
one obtains solutions to ©-Q with detailed asymptotics. This program is applied successfully to the 
case of the 3D exterior Navier-Stokes system in [50] and of the 2D half-space problem, with the solid B 
replaced by a smooth source term with compact support, in a previous publication of the authors [T^- In 
this last reference, the solutions to the system of nonlinear evolution equations are computed performing 
a Fourier transform in the transversal direction (i.e., with respect to x in our case). This is the reason 
why we replace the obstacle by a source term with compact support in [13j . 

In the present paper, we prove existence of solutions to (IS])-© with a detailed asymptotics by com- 
bining the invading method of Leray and the dynamical-system approach. Since we apply in part per- 
turbation methods, our results hold only for small Reynolds numbers. The role of Reynolds number is 
played by the diameter of the solid B in our setting. More precisely, let 5 be a bounded open subset 
of R^ containing the origin, with a smooth boundary, and let /i be a positive parameter which fixes the 
center of the body with respect to the boundary. Then, we set S^ := (0, 1 -\- h) + eS and rewrite our 
system as : 

- (u • V) u - a,.u + Au - Vp = , 

V-u = 0, ^ ' 

in f7 \ 5e , with the boundary conditions 

"Us, = -ei , u|gj^ ^ , lim u(x) = . (11) 



'+ xea 



+ 



In what follows PU)) together with boundary conditions ([TT]) is referred to as Problem 1. The following 
theorem is our main result. 



Theorem 1 For e sufficiently small, there exists a unique weak solution u of Problem 1. Furthermore, 
there exists a constant C^ < oo such that, for all {x,y) G il+ \ S^, 

\n{x,y)\<^. (12) 

y2 

A precise definition of weak solutions for Problem 1 is given in Section 1. For the sake of simplicity 
we only give a bound for the decay of the weak solution in P^ . Nevertheless, a precise first order for the 
asymptotics is available with our techniques. Such computations are performed in an independent paper 
(see [3]). This bound is the critical ingredient for proving uniqueness in the frame of weak solutions to 
Problem 1. 

Our strategy to obtain detailed information on weak solutions of Problem 1 at infinity is divided in 
five steps. First, we show the existence of weak solutions for Problem 1 by the invading method of Leray. 
Second, we use a cut-off function to obtain, from a weak solution (u,p) of Problem 1, a weak solution 
(u,p) to 

- (u • V) u - d^VL + Au - Vp = f , 



with the boundary conditions 



V.u = 0, (13) 



la,, =0, hm u(x,2/)=0, (14) 



The system (fO]) together with boundary conditions (fH)) is referred to as Problem 2 in what follows. 
Note that, in this new system we keep the divergence- free condition: the cut-off function is applied to the 
stream function of u. This enables to compute explicitly the source term f . So, in the third step, we show 
that, for e small enough, the function f satisfies the smallness condition formulated in our previous paper 
[13], so that there exists at least one a-solution (ucPa) for Problem 2 (see Section 3 for the definition 
of a-solutions). In the fourth step, we prove a weak-strong uniqueness result for Problem 2. Once again, 
this weak-strong argument applies to weak-solutions and a-solutions constructed for e small enough. The 
uniqueness of solutions for Problem 2 does not directly imply the uniqueness of solutions for Problem 1, 
because different solutions of Problem 1 may lead to different functions f . So in a last step, we prove 
uniqueness of weak solutions for Problem 1 for e small enough. 

1.1 Sets and function spaces 

In the whole paper, wc use the standard notations for function spaces such as L'p{0) for Lcbesgue spaces 
and VF™'^(C') or H"^{0) for Sobolcv spaces. We denote by C"^(0) the spaces of continuous functions 
having m continuous derivative {m might be infinite). We use the subscript c to specify that function 
have compact support in the set O. Given a Banach space X and p Cz X, the norm of p in X is denoted 
by ||p; X\\ and, if X is a function space containing the constants: 

\\p;X/R\\:=mf{\\p + c:X\\, ceR}. (15) 

This latter notation is very useful for pressures which are defined up to an additive constant in systems 
such as (121). 

In some proofs, we shall need a smooth covering of 51_|- or of fl^ \ {{0,1 + h)}. For this purpose, we 
introduce here some particular subsets of ft-^-. First, wc denote B{X) the open balls with center (0, 1 + h) 
i.e. given A > 0, we denote by 



B 



(A) = Ux,y) e n+ such that \ix,y) - {0,l + h)\< x\ 



We note in particular, that, since S is bounded, there exists Eq > 0, such that S^ C B{h/3) for e < Eq. We 
keep the classical convention B{{x, y),r) for balls with center (x, y) S M^ and radius r > 0. We introduce 
(A„)„gpj an increasing covering of 0_|- such that, for all ti G N : 

• A„ has a smooth boundary 



B{ (1 + n)h)c A„ CB{{2 + n)h). 



Furthermore we define, for n G N, tlie sets An by An = A„ \ B{2 "/i). Tlierefore, for all n e N, An has 
a smooth boundary. 

2 Weak solutions for Problem 1 

In this section, wc consider the theory of weak solutions for Problem 1 . The main result of this section 
is the following theorem. 

Theorem 2 There exists a family (Uj)j>o which is defined for e sufficiently small and such that: 

(i) for all e > 0, Ue is a weak solution of Problem 1 for S^, 

(ii) given rj > there exists < £,, such that, for all e < £,, there holds \\u^', D\\ < rj, 

(Hi) there exists a pressure p;, such that (Ue,pj) satisfies (|13p in fi-)- \ S'e and, given m G N, there holds: 

||u,;C"+i(:4^)|| + \\p,;C^(A2)/R\\ < C„,\\u,; D\\ . (16) 

for some universal constant C'm depending only on m. 

We refer the reader to the introduction for the definition of A2- We introduce function spaces and 
the definition of weak solutions for Problem 1 just below. 

The proof of this result is divided in three steps. First, we recall the method of Leray for the 
construction of weak solutions. We obtain in this way a family of weak solutions which satisfy a particular 
uniform bound with respect to the (small) size of the obstacle. Eventually, we prove that this family of 
solutions tends to in the sense of Theorem \2\ 

2.1 Definition of weak solutions 

To begin with, the size e of the obstacle is fixed such that Se C B{h/3). Let (u,p) be a smooth solution 
of Problem 1 for S,.. We extend u from 17+ \ S^ to the whole of fl+ by setting u = — ei on S^- Let w 
be a smooth divergence-free vector-field with compact support in 51+ which is equal to a given constant 
vector field W on S^- Then, if we multiply equation pO[) by w and integrate over il-i- \ S'e we get 

/ _(Au - Vp) ■ w dx = / _[(u + ei) • Vu] -viT dx . (17) 

In order to unburden notations we have suppressed in ()17p. and in what follows, the arguments of functions 
when no confusion is possible. Applying Green's identity to the left-hand side of (|T7| leads to the equality 

/ _(Au - Vp) • v^f rfx = / _ T{u,p)n ■ w da - - _ (vu+ [Vu]^) : (Vw+ [Vw]^) dx , 

where T{u,p) = (Vu+[Vu]^)— p/ and where n is the outward normal on d{fl+\Se)- Using the boundary 
conditions for u, which imply in particular that Vu vanishes on S^, and using that w = W on S'e, we 
obtain that u satisfies 

/ Vu:Vwcfx+/ [(u + ei)- Vu] •wdx= -S-W , (18) 

with the vector 

S = - / T{u,p)nda . (19) 



The vector S is the force which the fluid exerts on S^- If we replace, on a formal level, w by u in (|18p . 
we obtain, as W = — ei in this case : 



Integrating by parts yields, as u is divergence-free: 



/ |Vupdx+/ [(u + ei) • Vu] •udx= E-ei . (20) 



I [(u + ei)-Vu] -udx^^ i /" [u- V|up + 5^|u|2] dx = , (21) 

and therefore p^ reduces to 

/ |Vupdx = S-ei. (22) 

We conclude that if (u,p) is a solution of Problem 1 which decays sufficiently rapidly at infinity, then u 
satisfies the integral equation (fTS)) and we have the identity ([2^ . which means that Vu £ L^(J7+). 

The above discussion motivates the following functional setting for weak solutions of Problem 1. Let 
V be the vector space of smooth divergence- free vector- fields with compact support in i7+. We equip T) 
with the scalar product 

((wi,W2)) = / Vwi : Vyf2 dx . (23) 



For functions in 2? we have 

/ Vwfi : Vw2 dx = - / (Vvifi + [Vwi]^) : (Vwf2 + [Vw2]^) dx . (24) 



Let D be the Hilbert space with respect to the scalar product (j23p obtained by completion of 2?. Let 
V^ C T> he the vector- fields w G V which are constant on S^ and let Z?^ be the closure of V^ in D. On 
D'^ we define the function F by 

r : D" — ^ R2 

(25) 



w 



^^ral-W'"- 



It follows from Hardy's inequality (see Proposition [T51 below) that F is bounded. For convenience later 
on we define, for all W € K^, 

V'^ = {^eV'\ W|,._ = W} , Z?^ = {w e i?^ I W|^^ = W} . (26) 

Such spaces have been studied extensively in j9l Chapter III. 5]. In particular, we emphasize that with 
our smoothness assumptions on dS^ we have that T)^ = D^. 

Following the work of Leray, we now define weak solutions for Problem 1: 
Definition 3 A vector-field u is called a weak solution of Problem 1, if 

(a) there exists a vector S G K^ , such that for all w G V'^ 



/ Vu : Vw dx + / [(u + ei) ■ Vu] • w dx = -S • T(vf) 



(27) 



and 

|Vu|^ dx < S • ei . (28) 



+ 



The following standard lemma shows that weak solutions are well defined. 
Lemma 4 Let (u, v) G D^ and let w e D with Supp(w) C O CC flj^. Then, 



/ [(u + ei) • Vv] • w (ix= - / [(u + ei) • Vw] • V dx 



(29) 



and 



/ [(u + ei) • Vv] ■ w dx 
Jn, 



<CiO){\\u;LHO)\\ \W;D\\ ||w; L^(0)|| + ||v; Z?|| \\w;L\0)\\) . (30) 



Below we show that, given a weak solution u of Problem 1, one can construct a function p such that 
the couple (u, p) satisfies the equation (|10p in the classical sense. We will call p the pressure associated 
with the weak solution u. Using the cUipticity of the Stokes operator together with the smoothness of the 
boundary of the fluid domain, it is possible to prove that (u,p) G C°°{Q+ \ S^), and that the boundary 
conditions ((TT|) on S^ and on dn+ are satisfied in the classical sense. Therefore, weak solutions have all 
the requested properties of classical solutions, and the only difficulty with weak solutions is that their 
rate of decay at infinity remains unknown. A bound on the decay rate, like (J12p . is crucial in order to 
prove uniqueness of solutions. 

2.2 Existence of weak solutions 

In this section, we prove: 

Theorem 5 There exist constants K < oo and ei > such that if s < Si, there exists at least one weak 
solution u for Problem 1 for S^, satisfying the further bound ||u; Djl < K . 

The proof is based on the exhaustion method of Leray. Namely, we consider a nested sequence of finite 
domains that converge to i7+ and, for any domain of this sequence, we prove existence of one approximate 
weak solution having support in this domain and satisfying a suitable estimate. Our result then follows 
by a compactness argument. Many aspects of the proof are standard, but the uniform bound is new to 
our knowledge. 

2.2.1 Sketch of proof for Theorem [5] 

In this proof the size e of the obstacle is again fixed such that S^ C B{h/3). We mention further 
assumptions on e when needed. We consider the sequence {An)^^^^ given in the introduction. This 
sequence satisfies, for all n G N : 

• A„ is a bounded open set having a smooth boundary 

• 5e CC A„ c A„+i 

Given A„, we define D"^'" and D^^ by 

D-^- - {w G D- I W|^^^ _ = 0} , D'^ = {w G Z?|v I w,^^^ _ = 0} . (31) 

With these conventions, the definition of approximate weak solutions for Problem 1 is: 
Definition 6 Let n Cz N. A vector-field u is called an approximate weak solution on A„ if: 



'^Wc use the standard notation A CC -B to mean that the closure j4 is a compact subset of B. 



(a) for all w G Dq" , 

/ Vu:Vwdx+/ [(u + ei) • Vu] ■ w (ix = . (32) 

Before giving a sketch of the proof of Theorem [5l we mention that, since Dg'" is a closed subspace 
of D^'" of codimension two, the Lagrange niuhipher theorem imphes the existence of a vector S G M^, 
such that for aU w G D^'^ 

/ Vu:Vwdx+/ [(u + ei) • Vu] -w dx = -£-r(w) . (33) 

The vector S is the force associated with the approximate weak solution u. Since u G D^'", we can 
replace w by u in ((55)) . and an integration by parts yields 



|Vu|^ dx = S-ei . (34) 

The energy (in) equality is therefore a consequence of Definition [SJ and for this reason we do not need to 
impose it in the definition of approximate weak solutions in contrast with the definition of weak solutions. 

The proof of Theorem [5] is based on the following two lemmas: 

Lemma 7 There exists a constant ei > such that if e < ei there exists at least one approximate weak 
solution on A„, for all ri G N. 

Lemma 8 Let e be as in Lemma[^ and n G N. There exists a constant K < C)0, such that j|u; Z)|| + |S| < 
K for any approximate weak solution u on A„ with associated force S. 

Proofs for these lemmas are given in Section 12.2.21 We sketch now the remaining steps of the proof 
of Theorem [5] assuming that e < £i. 

(i) By Lemma[71 there exists a sequence (u„, S„)„>i such that u„ is an approximate weak solution on A„ 
with associated force S„. By Lemma |8] this sequence is bounded in £> x R^. One can therefore extract 
a subsequence (u„;,S„Ji>i, such that (u„Ji>i converges in D weakly to u and such that (S„Ji>i 
converges in M? strongly to S. By Hardy's inequality the sequence (u„Ji>i is bounded in H^{S^) . We 
can therefore extract a subsequence which converges in L'^(Se) strongly to u. Since u„ = — ei, for all 
n G N, we find that u G Dte^ ■ 

(ii) Given v^r G P"^ there exists riw > 0, such that w G D^-^ for all n > n^. Therefore, we have for i 
sufficiently large 

/ Vu„; : V^ dyi+ [(u„^ + ei) • Vu„J ■ w dx = -S„^ • r(w) . (35) 

Since iJ^(A„^) is compactly imbedded in L'*(A„^), we find using Lemma |H that psp remains valid in 
the limit. This shows that 

/ Vu:Vwdx+/ [(u + ei) • Vu] -w dx = -S-r(w) . (36) 

In the weak limit we have moreover that 

/ |Vup dx < liminf / |Vu„. p dx = liminf S„. • ei = S ■ ei . (37) 

Combining ([55)1 and (|37p we conclude that there exists S G K^ such that, for all w G I?"^, 

/ \7u:Vwdx+ [{u + ei)-Vu]-vf dx = -'E-r{w) , (38) 

and that 

|Vupdx<S-ei. (39) 



+ 



This completes the proof of Theorem [5] 



2.2.2 Proofs of Lemma [Y] and Lemma [8] 

In these proofs n G N is fixed. Since Z)^'" and i'o" ^^'^ closed subspaces of D^, they are Hilbert spaces 
with respect to the scalar product (P5|) . The space I?l'e is not empty. Indeed, let x be a smooth cut-off 
function that is equal to one outside the disk B{2h/3) and equal to zero inside the disk B{h/3). As 
Se C B{h/3) the function \J^ei{x,y) — — V-'-((l — x) y) satisfies U_ei G D^-2i- We note that U^'g^ is an 
affine subspace of D^'"' with direction Dq^ . For technical reason (see (jH))), we also introduce U_ei the 
unique minimizer of the D-norm amongst the velocity-fields in -Dl'ei ■ This velocity field satisfies : 

2. ((U_ei,w)) = for ah velocity fields w G ZJq'". 

We now reformulate the existence of an approximate weak solution on A,i as a fixed point problem 
for a functional equation. First, we note that Lemma [4] implies that for all u G D'^_^" i the map 



^0 



w I— >■ 



/ [(u + ei) • Vu] • w dx , 



is a continuous linear form. By the Riesz-Frechet theorem we can therefore define a continuous map 6* 
from Dl'e\ to Dq"' by the formula 

((6:(u),w))= / [(u + ei).Vu].wdx, Vw G i?^'" . (40) 

With these definitions we find, on the one hand, that u is an approximate weak solution on A„ if and 
only if u = U_ei + v, with v a solution of the functional equation 

v-6;(U_e, +v), vGZ?r- (41) 

On the other hand, (POJI together with (P5|) imply that 6* is continuous on D'z^^ equipped with the L'*(A„)- 
norm. Using that i/Q(A„) is compactly imbedded in L'*(A„) yields that 6* is completely continuous, 
i.e., for any given bounded sequence (vi)i>i in -Dq'", there exists a subsequence {'Vi)j>i such that the 
sequence (6* (U_ei +'Vi))j>i converges strongly in Dq"'. Hence, the Leray-Schauder fixed point theorem 
(see [13] or [TTl Theorem 11.6, p. 286] for more details) guarantees the existence of a solution of (|^T|) by 
proving a suitable estimate on a priori solutions to an auxiliary problem. This estimate is the content of 
the following proposition. 

Proposition 9 There exist constants ei > and C < cxd, such that for all e < ei, X £ [0, 1] 
(u, S) G Dtl, X R2 which satisfy 

I Vu:Vw + a/" [(u + ei)- Vu]-w= -S-r(w) , V w G L*^'" , (42) 

we have the hound \\\i:D\\ + |S| < C. 

Because of the Leray-Schauder theory, this lemma implies Lemma [7] Then, Lemma [8] is proved 
assuming e < £i and applying this proposition to the constructed approximate solution (in this case 
A=l). 

Proof of Proposition\^ First we note that given (u, S,?i, A) as in Proposition [9] we can set w = u 
in (im, and we obtain ([M)) . Hence, it suffices to find a bound on S. For this purpose, we introduce 
an additional family of cut-off functions xs- This family truncates in balls around the point (0, 1 -I- ft-). 
Namely, let C : M — > M be a smooth function such that 

C(s) = 1 , V .s < , C(s) = , V s > 1 . (43) 



and all 



Then, given < 6 < h/3, we set for (x, y) £ f7-| 



X.(x,.)-C( '^"'^V''^' -l) • (44) 



With this definition, we have x^ = 1 in B{6) while X5 = in the exterior of B{26). Now, given (u, S, n, A) 
and an obstacle S^^ we set (5(e) = Aq £, with Aq ~ sup{|(a;, y)|, (x, y) G S*}, and define, for arbitrary 
W e E^, the test-function: 

We = -V^(x5(,)(a;,y) [W^ ■ {{x,y) - {0,1 + h))]) . (45) 

Since S^ tends homothetically to a point when e — ;■ 0, we can choose Eq (say Eq = /i/(3Ao) for instance) 
such that Wj is equal to W on S'j and equal to zero outside B{2h/3) for e < Eq. Thus, we can use Wj as 
a test-function in (|42p . By construction of w^ , there exists a universal constant Ci such that 

||w,;i?|| + |lw,;L°°(M2)||<Ci|W| , (46) 

and we get from ([1^ the inequality 

|S.W| < ||u;i?|| ||w,;i?||+A||u + ei;L2(B(2J(e)))j| \\u;D\\ ||w,; L°°(17+)|| 
< Ci|W| (||u;i?|| + l|u + ei;L2(S(2<5(e)))|| ||u;i?||) . 

Since ui^ = — ei, Poincarc's inequality implies that there exists a constant C2 such that 

\\u + ei:L\B{2S{e)m<C2 \\u; D\\ . 

A scaling argument shows C2 = eC2 with a constant C2 independent of e and u (see [51 Exercise 4.10] 
for a construction of C2). Therefore, 

|S|<Ci(||u;i?i|+C2e||u;i?f) . (47) 

From (|T7l) and ([M)) we find that if e satisfies moreover e < l/(2CiC2), we have a bound on |S| and 
1 1 u; 13 1 1 which is independent of n. A, and e, namely 

||u;i?j|<|S|i/2<2Ci . (48) 



2.3 Weak solutions for obstacles of vanishing size 

From now on, we choose once and for all (u£)£<£j^ a bounded family of D such that u^ is a weak solution 
of Problem 1 for S^ for all e < ei. Such a sequence exists according to Theorem [5] In this section we 
complete the proof of Theorem [2] by showing that the sequence (u£)£<ej converges to zero when the 
size of the obstacle tends to zero. As a by-product, we also obtain the pressure p associated with a weak 
solution. 

The convergence is proved in the family of spaces {C™{An)){m.,n)&f^ ■ We refer the reader to Section lTTT] 
for the definition of sets {An)n£fi- We recall here that they satisfy the following fundamental properties 

• for aU n G N, ^„ C A" C An+i, 

• for all n G N, An has a smooth boundary, 

• U„eNA^=O+\(0,l + /i). 

Theorem [2] is a straightforward consequence of the following two lemmas which we prove in the 
following subsections. 

Lemma 10 Given 77 > there exists < £,, such that ||uj; D\\ < rj for all e < e,j. 
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Lemma 11 Let {n,m) G N^ and e < £i such that S'^ CC [ K^ \ A^i+m+i ]■ Then, there exists a constant 
Cm,n, depending only on m and n, for which any weak solution u of Problem 1 for S^ such that ||u; D\\ < 1 
satisfies 



(i) there exists a pressure p such that (u, p) is solution to (jlOp 
(ii) the following estimate holds true 

||u;ff™+i(A„)ll + |b;iJ™(AO/R|l < Cm,„ \\u;D\\ . (49) 



Remark: 

One might be tempted to assume that the smallness estimate of Theorem [2] is straightforward, since 
the fluid is moving only due to the no-shp boundary condition on dSe- The smaller the body, the smaller 
should be the fluid flow which is induced by this boundary condition so that the flow should be zero in 
the limit of a body of vanishing size. The following scaling argument shows that, because of the Stokes 
paradox, things are not quite as simple. Let (u£)£>o a family of weak solutions for 5^ and fJ^ = {{x,y) £ 
M? I {ex, ey — {h + 1)) G ^+}, and let Ve(a;, y) = Us{ex, ey — {h + 1)) and qe{x, y) = Pe{ex, ey — [h + 1)). 
This scaling does not affect the D— norm, so that ||Vve; L^(J7^)|| = UVu^; L^(J7+)||. Therefore, if the 
family (u£)e>o is bounded in D, the family (||Vve; L^(ri^)||)e>o is also bounded, and the functions Vg 
satisfy in J7^_ the equation 

-£ (v, • V) ve - ed.,w, + Av, - Vq, = , , 

V • V, = , ^^^> 

with the boundary condition v^ = — ei on 95*1. Using the same line of arguments as in the previous 
section we can therefore extract a subsequence converging in the topology induced by the Z?— norm to 
some function v for which || Vv; L^(R^)|| is flnitc and which solves the Stokes equations in M^ \ Si with 
the boundary condition v = — ei on dSi. By the Stokes paradox this implies that v = — ei (see [SJ 
Theorem 2.2 p. 253]), and therefore the sequence v^ does not converge to zero with e. Note that this 
remark docs not contradict Theorem [2l It only means that, when e goes to zero, v^ does take values 
close to — ei on a part of the domain that increases in size and covers eventually all of M^. The diameter 
of this region remains however small compared with 1/e, and its size therefore converges to zero in the 
un-scaled variables. 

2.3.1 Proof of Lemma [TOl 

We prove Lemma 1101 bv contradiction. First, we assume that there exists 770 > 0, sequences (ei)ig„ S 
(0,ei)^ and (ui,Si)igN £ [D x M^)^ such that limei = 0, that Uj = u^. has associated force S^ and 
is such that ||ui;Z3|| > 770 for all i G N. Then, the sequence (ui,Si)jgN is bounded. This implies the 
existence of a pair (u, S) e Z) x M^ and of a subsequence (u^. , Si.)jgN such that u^. -^j^oo u weakly in 
D and such that S; -^j^oo S strongly in R^ . 

Wc now proceed as in the proof of Proposition [Oj Let xs be the cut-off function defined in (|44|) and 
define, as in pS]) for < 5 < h/'i and arbitrary W e M^ the test-function w^ 

w,(a;,y) = -V-^(x5(x,y) [W^ • ((x, y) ~ (0, 1 + /i))] ) , 

which has support in B{2h/3). As in (|1S)) there exists a universal constant Ci < 00 such that 

\\ws;D\\ + \\ws;L°-{n+)\\<Ci\W\ . (51) 

Since limei = 0, there exists is such that for i > is the function w^ is an admissible test-function, and 
we have : 

/ Vui : Vw5 rfx + / [{ui + ei) • Vu,] -ws dx= -S^ • W . 
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In the limit as i goes to infinity we therefore get 

/ Vu:Vw5dx+/ [(u + ei) • Vu] -w^ (ix= -S-W , 

so that, 

|S| <Ci||Vu;L2(B(2(5/3))|| [l + \\u + ei; L\B{25/3))\\] . 

Letting S go to 0, yields S = 0, i.e., S^ — s-i-j-oo which by the energy estimate ([28| implies that 
lim ||u,;; D\\ = 0, in contradiction with our assumption. 

2.3.2 Proof of Lemma [IT] 

Let {rijiTi) G N^ and £,u be given as in Lemma 1111 At first, we recall how to construct the pressure 
associated with u. We test ([?f)) with smooth divergence free vector-fields having compact support in 
0,+ \ Se- This shows that u is a generalized solution in the sense of |8l Definition IV. 1.1, p. 185] of the 
Stokes equation in £7+ \ S^ with source term 

f = (u + ei) • Vu . 

Since, for all ^' CC (0+ \ S^), we have f £ H^^{Q') with the bound 

\\i;H-\n')\\ < cm [\\u;H\n')r + \\n;D\\] (52) 

we can apply [51 lemma IV. 1.1, p. 186] to construct a function p <E Lf^^{n^ \ S^) such that, in the sense 
of distributions, 

Au-Vp = f, 

V-u = 0, (^^) 

in il+ \ Se . Classically, this pressure p is unique up to a finite number of constants (equal to the number 
of connected components of 51_|- \ S^)- Wc call p the pressure associated with u and we indeed have that 
(u,p) satisfies ([TI 



The remainder of Lemma llll is obtained via an induction argument (with respect to m G N). Namely, 
we prove that, for all /c < to the following statement holds true: 

There exist constants Cm,k depending only on to and k such that : 



U;H'+\An+rr.-k)\\ + \\p; H'' (An+m-k) /M < CrnM \\m] D\\ . (Vk) 



Proof, initialization: The restriction of (u,p) to An+m is a solution of the Stokes equations with source 
term f =(u + ei) • Vu and boundary data u — U|g^ . Hence, combining [HI theorem 1.1 p. 188] and 
([52)1 . and using that ||u; Z?|| < 1, we find that 



\\u■,H\An+.^)\\ + \\p■,L\An+m)/n<C4\\u■,D\\ + \\u;Df] < Cra,o\\^; D\\ . (54) 

Our statement holds true for fc = 0. 

Before the inductive step of the proof, we need to compute an L°° estimate on u inside An+m- To 
this end, we recall that we have by construction that An+m C ( An+m H n+) C An+m+i- Hence there 
exists a smooth truncation function x € C°°{^+), such that x = 1 on An+m and x = outside An+m+i- 
We make the dependance of x upon n implicit for legibility. Let u = xu and p = XP- Then (u, p) is a 
solution of the Stokes system 

r AU ^ Vp = f on A+m.+l , ^i,h U = on dAn+m.+, , (55) 

[ V • u = .9 on Ai+m+i , 
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where _ 

ff = x(u + ei).Vu + 2Vx-Vu + (Ax)u-pVx, (^q-. 

I 5 = u • Vx . ^ ' 

Using the bound (|M)) on (u,p), wc find that, for a given q < 2 (say q = 3/2), there holds f G L''(Ai+,„+i) 
and g G VF^'''(.A„+m+i). Furthermore we have, 

|lf;i''(A+,n+i)|| + ||.g;W^i'«(A.+rn+i)|| 

<C„,,,[\\u:H\An+m+l)\\ + \\n:H^An+rn+l)f+\\p;LHAn+rn+l)\\] ■ 

Applying [8] Exercise IV.6.2, p. 232] we get that u g W'^^'^ (An+m+i) and p G Ty^''?(yl„+„i+i), and that 

\\u;W^''^{An+,n+l)\\ + \\p;W''\An+n.+ l)m 

< Cn.q [\\n-H\An+.n+i)\\ + |1 u; H^ ( A.+m+i ) |1 ' + |b; i' ( A.+m+l ) ||] • (57) 

Note that we can always replace p by p + c before truncation, so that we can replace ||p; L^(Ai+m+i)|| by 
\\p\ L'^ {An+m+i) I^W in the right-hand side of the last inequality, as well as in the estimates that follow. 
Combining (IF71) with ([Mil , wc get 

WvL-W^-^'iAn+^n+i)]] + \\p;W^^''{An+,n+i)m\ < Cr,-.Ju:D\\ . (58) 

Therefore, we have in particular that u G W'^''^{An+m) C L°°{An+m) with 

\\u;L°°iAn+^m <K^,nHD\\ . 

Proof, inductive step: 

Assuming that for k < m, there exist constants Cm,k depending only on m and k such that : 

\\u; H''+\An+m-k)\\ + \\p;H\An+m-k)/n < Cm.k \\n; D\\ , 

we apply again the same truncation technique as described above. Namely, we introduce x € C°^{fl+) 
a smooth truncation function such that x = 1 on An+m-k-i and x = outside A+m-fc and we let 
u = xu and p = XP- Then (u,p) is a solution of the Stokes system (j55p . on An+m-k with homogeneous 
boundary condition. Hence, we get by the ellipticity of the Stokes operator that 



\\u;H^+'iAn+m~k)\\ + \\p;H'+' (An+m-k) /m\ < Cra.k \\t; H'' {An+m-kM + \\g; H''+' (An+m-k ) 

We also have 



(59) 



\'i;H''iAn+m-km + r9;H''+\A 



n+ni — k) 



tI^+^( a . , Ml _L ll„- fjk+l/ A , , N||2 



\u;H''+\An+m-k)\\ + \\p:H''{An, 



< Cra,k ||u;L°°(A+rn)|| i| U; i/^+^ ( Ai+,„-fe) II + ||u; ij'^+^ ( A.+m-fe) | 

i-y-m — k 

and therefore there exists, by the induction assumption, a constant Cm.k^i^ such that 
||u;i/'=+2(A+m-fc-i)|| + \\p;H''+\An+m-k-i)m\ < Cm,k+i \\u; D\\ 
This completes the inductive step and ends the proof. 
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3 Behavior of weak solutions at large distance from the obstacle. 

In this section we show that the weak solutions of Problem 1 constructed above decay at infinity with 
the expected rate. Namely, we prove: 

Theorem 12 There exists Se > 0, such that, for all e < Eg, the weak solution u^ satisfies the decay 
estimate, 

\u,{x,y)\<^. V{x,y)en+\S:. (60) 

for some C^ < oo. 

This result is proved in three steps by comparing weak solutions with a-solutions. First, we show 
how to construct solutions for Problem 2 by truncating a weak solution for Problem 1. We prove in 
particular that, when the solid is sufficiently small, weak solutions to Problem 1 provided by Theorem 
[2] yield weak solutions to Problem 2 with a source term which is arbitrary small, so that we are able 
to construct a-solutions. We conclude by proving that any weak solution coincides with the a-solution 
when the source-term is sufficiently small. 

3.1 Truncation procedure 

We start this section by describing how to construct a solution for Problem 2 by truncating a weak 
solution for Problem 1. Let 

H: DnC°°{Th^\B{h/4)) -^ C^ {Tl^ \ B {h / 4)) 

r 

\if I — > ?A(x, y) ~ — j w(a;, z) ■ ei dz . 



Ji 
The divergence- free condition satisfied by w implies that V^n[w] = w, and that 



J -y 



for any path 7 such that 7(0) = (0,1) and 7(1) — {x,y). Hence, it is sufficient that w is smooth 
in i7+ \ B{h/3) in order for the associated stream-function n[w] to be smooth in il+ \ B{h/A). More 
precisely, for all m £ N, there exists a constant Cm, such that. 



||n[w];C™(B(2V3)\S(V3))|| <a„||w;C"-i(^2)|| Vw e i^ n C°°(fi+ \ B(V4)) . (61) 

We introduce a truncation function x G C°°(M^) which satisfies 

r if|(a:,y)-(0,l + M|<V3 

X{x,y) = { €[0,1], if|(x,y)-(0,H-/i)|G(/i/3,2V3) 
[ 1 if|(a:,y)-(0,l + /i)|>2V3 

and define truncation operators T^, and T-^; for the velocity and the pressure as follows 

T^, : Dr\C^(sT^\B{h/A)) — > e°°(sT^) 

w I — > v-L [xn[w]] 

and 

T^: C^{n+\B{h/A)) -^ C°°(f7+) 

g I — > xq 

These operators are well-defined, since the truncation function x vanishes identically in B[h/A). For any 
^ eDf\ C°°{Tl^\B{h/A)) and q £ C°^'{Tl^\ B{h/A)), we have by a straightforward application of (|ST|) 
that 
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(T-i) Tjw] eDr]C°^{n+), andT^[g] e C°°(f^+), 
(T-ii) T,„[w] = w and T^[q] = q mTT^\ B{2h/3), 
(T-iii) Given m E N, there exists a constant Cm such that 



||T„[w];C™+i(B(2V3)\S(V3))|| < a„||w;C'"+i(^2)|| , 
\\T^[q];C--{B{2h/3)\B{h/3m < CmHC"{M}\\ ■ 

Next for (w,(7) e (D n C°^ {Tl^ \ B {h / 4))) x C°°(n7 \ B(/i/4)) we define the function f G C°°(1V \ 
i?(/i/4)) by 

f = (w + ei) • Vw - Aw + Wq , 

and we define f = inside B{h/4:). Finahy we define the function TiV5'[w, q] on Hj^ by 

TNS[w, q] = -xf + [(w + ei) • Vw - Aw + Vq] , 

where (w, g) = (T„ [w] , T^ [g] ) . Given (w, g) G {D nC°°(T^: \ B{h/4:))) x C°°(fV \ B(/i/4)), the above 
properties of the truncation operators T^, and T^^ imply that the function TiV5'[w, q] satisfies: 



(S-i) TNS[w,q] is smooth and has compact support in B{2h/3) \ B{h/3), 
(S-ii) The truncated functions w = Tu[w] and q = T^^lq] satisfy: 

(w + ei) • Vw- Aw + V(7 = xf + TNS[w,q] , in f}+ , 
V • w = , in il+ . 

with f = (w + ei) • Vw — Aw + Vg, 
(S-iii) Given m e N, there exists a constant Cm such that 



\\TNS[w,q];C"iB{2h/3)\Bih/3))\\ 

< Cm [(1 + ||w;C'"+2(:4^)||) ||w;C™+2(^)|| ^ \\q. c"^+i (^-2) /M] ■ (62) 

Applying this construction to any weak solution of Problem 1 yields a solution of Problem 2 for the 
source term computed with TNS. To prepare the last weak-strong uniqueness argument of this section, 
we show that such solutions of Problem 2 obtained by truncation satisfy a further energy property. This 
is the content of the next proposition. 

Proposition 13 Given e such that 5'^ CC B(h/4) and a weak solution u of Problem 1 for Sg with 
associated pressure p, the vector-field u = T„ [u] satisfies 

(i) u e L», 

(ii) for all w G P, there holds: 

I Vu:Vwdx+/ [(u + ei) • Vu] • W(ix= / f-wdx, (63) 

and 



|Viipdx< / f -udx , (64) 



with{ = TNS[u,p]. 
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As for the case of Problem 1, we emphasize that f and the test-functions w have compact support so 
that the integrals in (|551) and ([M|) are well-defined. A velocity-field u satisfying (i) and (ii) for a given 
f G C^(J7+) is called a weak solution for Problem 2 with source term f. 

Proof. First we recall that ellipticity estimates for the Stokes system imply that any weak solution u 
for 5e with associated pressure p satisfies 

(u,p) e {DnC°°{Ti^\B{h/4))) xC°°{TT^\B{h/A)) . 

Hence u = T^[u], p = T^^lp] and TNS[u,p] are well-defined. Moreover (u,p) is a classical solution of the 
Navier Stokes equations outside S^ and in particular in 17+ \ B{h/A). 

In order to show that u is a weak solution of Problem 2 we first use (T-i) to conclude that u e Z?. 
Then, since (u,p) is a classical solution to the Navier Stokes equations in 0+ \ B{h/4), the second point 
(S-ii) implies that we have 

(u + ei) ■ Vu - Au + Vp = TNS[u,p] 

in J7_|_. If we multiply this equality by w G 2? and integrate by parts we obtain (|63p for u, with 
f = TAr5[u,p]. 

The main difficulty of the proof is to obtain the energy estimate (j64[) for u. For this purpose, we 
multiply the Navier Stokes equations satisfied by (u,p) on B{5h/6) by u. Integrating by parts yields 



IVUM dX: 



B{5h/e) 



L 



f • u dx 



B{5h/6} 



aB{5h/e) 



r(u,p)n-u+i^(u + ei)-n 



da 



(65) 



Next, multiplying the Navier Stokes equation satisfied by (u,p) on B{5h/6) \Se hy u and integrating by 
parts gives 



iVuP dx == S 



ei 



r(u,|3)n • u - 



-(u + ei) • n 



iB{5h/6) JdB{5h/6) 

with S the associated force applied on S^. By definition, we have 



da 



iVur dx < S -ei 



(66) 



(67) 



Subtracting ([55]) from (p7|) yields 

iVuP dx < 



T(u,p)n • u + ^-(u + ei) • n 



da 



/n+\S(5/i/6) JdB{5h/6) 

Since outside B{2h/3) we have by construction that u = u and p = p, wc get by combining (p5|) and (p5|) 



/ |Vupdx</ TiVS'[u,p]-udx 



This completes the proof. 



3.2 Existence of a-solutions 

The second step of the proof of Theorem [12] is to construct an a-solution for Problem 2 with the source 
term f^ obtained by truncation of a weak solutions u^. To keep this paper self-contained, we recall the 
definition and the main properties of a-solutions. See [l3], for details. 

Definition 14 We define for fixed a, r > the function p,a^r '■ Kx [1, oo) —5- (0, oo) by 

1 



Ma,r(,'Cj t) 



i + (ifcun 



(69) 
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We define, for fixed a > 0, and p, q > 0, ^a,p,q to be the Banach space of functions f G C(Mo x [1, cxd), C), 
Mo = R \ {0}, for which the norm 



/; *^a,p,i 



sup sup 



fik,t) 



J mj a Lip 1 / 7 \ 1 / 7 \ 

t>l feeRo -i^f^a,l(K,t) + -^IJ,a,2{k,t) 

is finite. Furthermore, we set Ua ~ B^ & i x B^ i q x B^ i i . 

Formally, it is possible to compute the velocity- field u = [u, v), of a solution (u,p) to Problem 2 with 
source term f := [Fi, F2), as the inverse fourier transform, with respect to x, of a pair (u, ii) : 

u{x,y)= e'''''u{k,y)Ak, v{x,y) ^ e'''''v{k,y)dk, V(a;,y)ef7+, 



the pair (u, v) satisfying: 

u{k,y)^ ~fi{k,y) + (p{k,y) v{k,y) ^ uj{k,y) + ip{k,y), V (fc, y) 6 M x (1, 00), 
with (w, 77, (/), ip) a solution to 

dyib = -ikij + Qi, 



dyfl = 


= (ifc + l)w + Qo, 


dyip = 


= ik(j)-Qi, 


dyCp = 


-- -ik^p + Qo. 



The source terms {Qo,Qi) is computed as follows 



Ztt 

Qi = --{ij'^u})- Fi. 
Ztt 



(70) 
(71) 
(72) 
(73) 



(74) 
(75) 



Here Fi and F2 stand for the fourier transform, with respect to x, of Fi and F2 respectively. When the 
solution {u},u,v) given by the solution of (|7n|) - (r75|) satisfies {uj,u,v) G Ua with a > 3, the velocity-field 
u ~ {u, v) constructed this way is a weak solution to Problem 2 in the sense of Proposition 1131 

In [13] the following existence theorem is proved: 

Theorem 15 Let a > 3, f G C^{Q-^.), and let f be the Fourier transform with respect to x off. If 
||f; Wall is sufficiently small, then there exists an a-solution u being the inverse Fourier transform (with 
respect to x) of u € Ua, with u satisfying \\\i;Ua\\ < Ca||f;WQ||, for some constant Ca depending only 
on the choice of a. 

The a-solution u satisfies: 

1. xi€Hl{n+), 

2. there exists a constant C such that: 



\xi;Hl{n+)\\ < C\\u;Ua\\ , and |u(a;,y)| < C^ 



\u;Ua\ 



y 



3/2 



V(x, y) e Vl+ . 



We now show that when the obstacle size is small, the function f^ = TNS[vLs,Pir] satisfies the condition 
of Theorem 1151 This reads: 
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Lemma 16 Given a > 3, there exists Eq, > such that, for all e < Sa the weak solution u^ with associated 
pressure pi, is such that Problem 2 with source term f^ = TNS [u^jp^] admits an a-solution u^. Moreover, 
there exists Cq < oo depending only on a such that the a-solution satisfies \\ii^;lAa\\ < Cq||u£;£)||, where 
Ue is the Fourier transform o/ u^ with respect to x. 

Proof. First, let 770 be a sufficiently small parameter to be fixed later on and denote by m the integer 
part of a + 1. Applying Theorem [2l there exists ea,rj such that for all e < Sa,n the weak solution u,. 
with associated pressure p^ satisfy : 



\u,;C"'+'iA: 



l|Pe;C™+'(^2 



<an\\u,;D\\ <Cc.r,o 



As a consequence, the source-term f^ := TNS[ue,Pe] obtained after truncation satisfies (see (S-i) and 
(S-iii)): 



• fg has compact support in i3(3/i/4) \ B{h/3) 

• ||f,;C™+2(:4^)|| <X„||u,; D\\ < K^r^o 



Denoting by / any component of L we apply then the following classical computation. The function 
/ G C^{n+) has support in B{2h/3). Hence, the Fourier transform / of / is well-defined and continuous 
on fi_|_. Moreover we have, for y > 1 and fc G M, 



fik.y) 



2/1/3 



e'^^fix,y)dx 



-2/1/3 



Integration by parts implies the existence of a constant C such that, for y > 1 and /c G Mg, 

,ll/;C™(f^+)|| 



/(fc,y) <C\\f;C'{n+)\\ 



and 



/(fc,2/) 



<C^ 



Using that / has compact support in y, we obtain that 



.nk,y) 



<c 



ll/;C"(f^+)ll 



_yP{l + i\k\y)^) 2/9(l + (|fc|y')") 
for arbitrary m G N. In particular, there holds: 

||/;^a,p,,||<i^;.,||/;C"(f)+)||. 



(76) 



Keeping the previous notations for the Fourier transform, we have ||fe;WQ|| < A'dlu^; D|| < Karjo- 
Finally, for 770 sufficiently small we apply Theorem 1151 This yields an a-solution u^ for Problem 2 with 
source term f^. Furthermore, this solution satisfies: 



\ue-M<.\\ < C„||fe; W„|| < Cc.K^\\u,;D\\ 



This completes the proof. 



3.3 Weak-strong uniqueness of solution for Problem 2 

So far, we have shown that a weak solution u of Problem 1 for S^ with associated pressure p provides a 
weak solution u of Problem 2 for source term f = TNS [u,p] by truncation. We have also shown that, 
for small obstacles, we can construct an a-solution u^ for source terms fg obtained after truncation of 
Uj. In this section, we prove: 

Theorem 17 Given a > 3, there exists rja > such that, given an a-solution u for source-term f G 
C^{Q+) such that ||u;Wq|| < ?/„, any weak solution u of Problem 2 with source term f coincides with u. 
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Consequently, choosing a — A, for instance, and a sufficiently small obstacle, we have, by Lemma 1161 
that IJUe;^/^!! < ija- Hence, we can apply this theorem to Ug := Tt,[u£]. This yields that u^ coincides 
with u^. Since by construction the weak solution u^ coincides with u^ outside a compact set, u^ also 
coincides with the a-solution u^ outside a compact set and inherits its asymptotic properties. Thus, this 
weak-strong uniqueness result ends the proof of Theorem 1121 

Theorem 1171 is a generalization of |13l Theorem 8] , where it was shown that for small f any weak 
solution u G HQ^n^) of Problem 1, is an a-solution. This theorem was not general enough for the present 
purposes because weak solutions that are obtained by truncation merely satisfy u Cz D. The remainder 
of this section is devoted to this new uniqueness proof. 

3.3.1 Sketch of proof for Theorem [TH 

We set a > 3 and fix u an a-solution with a source-term f. It has been shown in [131 Section 3], that 
such an a-solution is also a weak solution of Problem 2 for f . Hence, we have ([55]) and ([M)) for u and u. 
To estimate u — u, we use the D— norm 

||u - u; DIP = llu; DW' + llu; DW' - 2 / Vu : Vu dx 

where, applying ([M]) : 

\\u;Df< I f-udx, and ||u;i:i|P< / f • u dx 

We now assume that 



Vu:Vu(ix-h/ (u + ei) • Vu-u dx= / f • u dx , (HI) 

and that 

/ Vu:Vu(ix-h/ (u + ei) • Vuu dx= / fudx. (H2) 

These assumptions are proved below. Combining (|Hip and (|H2[) yields 

||u - u; D\f < (u -F ei) • Vu • u + / (u + ei) • Vu • u . 

Next we assume that for any a-solution u we have: 

/ (v-hei) • Vw-u rfx= - / (v + ei) • Vu- w rfx, V(v,w)eD^. (H3) 

This assumption is also proved below. Together with the previous inequality we get 

||u-u;D|p < -/ (u + ei) • Vu- u dx-l- / (u + ei) • Vu • u rfx 

< I (u — u) • Vu • u dx 

< / (u — u) ■ Vu • (u — u) dx , 

as it yields from (|H3p : 

/ (u — u) • Vu ■ u (ix = 0. 

Finally, we assume that for any a-solution u we have: 



V • Vu • w dx 



<K\\u■Ua\\h\D\\\\^ff■D\\ , y{v,w)eD^, (H4) 
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and we get 

\\n^n;Dr < C\\n;Uj ||u-u;i?f . 

For rja sufficiently small we have C||u ; Ua\\ < 1/2, so that ||u — u;Z3|| = 0. This completes the proof up 
to the technical points (|Hll) - (jH4p which are proved in the following sections. 



3.3.2 Proof of (H2) and (H4) 

Wc first establish some additional conditions for the trilinear form 



/ (u + ei) • Vv • w dx 
Jn, 



(77) 



to be well defined. The main tool is the Hardy inequality for functions in D: 
Proposition 18 For all w G D, 

Therefore, we have the following continuity result for the trilinear form: 

Proposition 19 There exists a constant C such that for all (v,"w) G D and all 

ue Hl^^{D,+ ,dx.) nL'^{D,+ ,dx.) such that \\yu ; L°° {D,+ )\\ < oo , 

and 

VueHl^{n+,d:K.)nL^in+,y^dx.) suchthat ||j/^Vu ; L°°{Q.+ \\<oo, 

respectively, we have 



I (v + ei) • Vw • u dx 



<C (l + ||v;i?||) \\^-D\\ {\\n;L^{n+)\\ + \\yn;L^{n+)\\) , (78) 



and 



I (v + ei) ■ Vu ■ w dx 



<C (l + ||v;Z?||) \\v,/y-L\n+)\\ {\\yVn-L\n+)\\ + \\y^Vn-L'^{n, 



(79) 



Proof. We denote by /i and I2 the integrals in ((78)) and ((79l) . respectively. Let (u, v, w) G HI^^{VL+) x 
D^ . If ||ii; L^(J7+)|| + ||yQ; L°°(51+)|j < 00, we can split /i into two integrals 



Ji = / V • Vw ■ u dx — / d^yf ■ u dx . 
'n+ Jn. 



(80) 



The second integral on the right hand side of (|5n)) can be bounded by the Cauchy Schwarz inequality. 
For the first integral we have 



(81) 



/ V • Vw • u dx 





/ — ■ Vw • yu. dx 


Jn+ 




Jq.+ V 



< \W/y;L'{n+)\\ \\\/w;L'{^+)\\ ||yu; i-(f7+)|| , 

and we obtain the bound on /i by applying the Hardy inequality (note that y > y ~ I). The integral I2 
is bounded similarly. ■ 

This proposition is suitable for a-solutions. Indeed, if u = (u, v), is an a-solution, for a > 3, denoting 
by u = {u,v) (respectively u^; = {ux,Vx) and Uy = {uy,Vy) ) the Fourier transform with respect to x of 
u (respectively 9a; u and dyu) there holds : 
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• iu,v) G BaS/2,0 X Sa,l/2,1' 

• iUx,Vx) G Ba-l,3/2,2 X Sa-1,3/2,3 

• {Uy,Vy) G ^0-1^3/24 X Ba-1,3/2,2 

with : 

\\Ux;Ba-1.3/2.2 X 'B„-l,3/2,3 II + II "y; ^a-l, 3/2,1 X Sa-1,3/2,2|| < Ca||u;Z^a|| . 

(see [13l pp. 685-686] for more details). Moreover, we have: 

Proposition 20 Letp, q > 0, a > 1, s G [2,oo] and let f be the inverse Fourier transform of f € Ba.p.q- 
Then there exists a constant C depending only on a and s such that, for any y > 1, f{-,y) G -L*'(M), and 

\\f{;y);L^{m<^,\\f;B^^,J. 

where e = min(l — 1/s + p, 2(1 — 1/s) + q). 

Proof. Given / G Ba.p.q, and y > 1, the function f{x, y) is the inverse Fourier transform with respect 
to k of the function f{k, y), which is continuous on Rq and satisfies for fc G Kq 



1 1 

yP{l + (|fc|2/)") ^ y9(l + (|A:|y2)a 



\my)\ < ( ..„n , n...^.^ + ..„n , n....w ) H/^^-^pJ 



Therefore /(•, j/) G L'~(M) for all r G [1, 2] so that / G L^iR) for all s G [2, cx)]. Moreover, given s > 2 and 
r < 2 the conjugate exponent, i.e. ^ + ^ = 1, there exists a constant Cg, such that 

||/(-,y);i^(R)||<a||/(-,y);L'XM)|| . (82) 

By a scaling argument, we have 

dk < '''" , and / ,. , „, — dk < 



i-oo (1 + |fc|2/)™ - y ' 7-00 (1 + I^K/)™ " y' ' 

which, together with (|5^ gives 

||/(-,y);i'(M)|| < a,, f-i^ + -^) \\f;Ba,pJ , 

as required. ■ 

Proposition [20] implies that, if / G Ba,p,q for p > 0, g > and a > 1, then / G L'^{yi+) and we have, 
for all (a;, y) G 17+, 

C 

l/(^'2^)l ^ ^min(p+l,,+2) ll/'^".P.'?ll ■ 

In particular, for an a-solution ii = (u,v), we have ii G L'^(f7+), j/Vfl Gi'^(rj+), and according to the 
remark before the proposition, there holds : 

\u{x,y)\ + \v{x,y)\<-^\\n-Ma\\ , (83) 

|Vu(x,y)| + |V«(x,y)| < ^^||u;^Y„|| , (84) 

for all (x, y) G rJ+. Consequently, we can use the bound (|79D for w G I?, and we find that 

/ (u + ei)-Vu-wdx <C iWu-McW + l) ||fl;^a|| ||w;i?|| . 
Jo+ 
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This implies that for the a-solution u the hnear form Lq, 

-^u[w] = / (u + ei) • Vu • w dx 



is continuous on D, so that the weak formulation ([55)1 for u can be extended to D. This completes the 
proof of assumption (jH2p . 



With similar arguments we obtain, that for arbitrary (v, w) G D^ 

v-Vu-wdx < Js: ||?/2Vu;L°°(fi+)|| ||v;L»|| llw;!?!! 
< A'||u;W„|| \\w;D\\ \\v,-D\\ . 
This completes the proof of assumption (|H4p . 



3.3.3 Proof of (HI) 

The following proposition shows that a-solutions arc approximated by velocity-fields of compact support: 

Proposition 21 Let a > 3 and let \i := {u,v) be an a-solution. Then there exists a sequence (ii„)„gN G 
D^ , such that for any n E N 

i) u„GC°°(r!+) 

a) Un = u in B{{Q, 0), n) fl n+ and u„ = outside B{{0, 0), 2n) 51+. 

Hi) There exists a constant C{u) such that, for all n G N, 

Proof. Let a > 3 and ii = {u^v) be an a-solution and let tp — Tl[u] be the corresponding stream- 
function. Proposition [20l implies that u G Hq{^+) and we have the bounds ((55|l . ([M)) . Therefore we 
have not only that tp G C^(17+) and that V^7/'(a;,y) = u{x,y), but also that t/i G L°°{il-^), and that, for 
all {x,y) G f^+, 

|^(x,2/)|<C||ii;6„,i/2,oll , (85) 

with the previous notations, and, since ii is smooth in 0+, the stream- function ip is also smooth in il_|_. 
Let 

Ux,y)^C 0-^^-1] , and u„ = V^ [C„Ci] 



Then, ii„ G D and it satisfies i) and ii) for any n G N, and 

U„ - U = (C„ - 1)U + VV^Cn 



Using a scaling argument, one shows that || VC„; L^(r2-|_)|| is uniformly bounded for n G N, and therefore 
we have the uniform bound. 

Similarly, ||yVCn; i°°(f^+)|i is uniformly bounded for n G N, and as a consequence we have for all 
{x,y) G n+ 

\yiu,, - u)ix,y)\ < \yu{x,y)\ + Cc\i;{x,y)\ . (86) 

Using ((83|) and (j85|) . we find that the right-hand side in (|86| is uniformly bounded for {x, y, n) G ft+ x N. 

For the derivatives of ii„ and ii, we have 

|Vu„(a;,y)-Vu(a:,y)|<|Vu(x,y)|-fC|VC„(x,y)| \u{x,y)\ + \V^Ux,y)\ mx,y)\ . (87) 
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Applying scaling techniques as above, one obtains for (x, y, n) G 0+ x N, 

\\yV\,,;L'{n+)\\ < Cc , \y'V\r^ix,y)\ < C^ . 
From jHH) and jHT]) and ^ we get 

<\\y\/u;L^n+)\\+C\\VCr,;L\n+)\\ \\yu;L^in+)\\ + \\yV^Cn;L^{n+)\\ U;L^in+)\\ , 

which yields a uniform bound with respect to n. Finally, we have, 

y^\Vu^{x,y)-Vu{x,y)\<\y^Vu{x,y)\ + C \yVCn{x,y)\ \yu{x,y)\ + \y^V^Cnix,y)\ mx,y)\ . 

Therefore, the previous pointwise bound (j84p on Vu implies that ||y^(Vu — Vu„); L°°(r2+)|| is finite and 
remains uniformly bounded for n £ N. This completes the proof of Proposition 1211 ■ 

Combining Proposition [191 and Proposition [21] we are now able to prove (|H1[) . Indeed, let u G -D 
be a weak solution for f and let ii be the corresponding a-solution. From Proposition [211 we get that 
there exists a sequence ii„ G D^ which approximates ii, and, since ii„ has bounded support, equation 
is satisfied by ii„. Using the bounds satisfied by u and ii we get 



/ Vu : (Vu - Vu„) dx < C(u) ( f 



iVuP dx 



/O+\B((0,0),n) 



and therefore 



lim 



/ Vu : Vii„ dx = / Vu : Vu 

' Jq. Jn+ 



dx 



To bound the trilincar form, we now apply (|78p and get 



/ (v + ei) • Vw • (u- u„ 



dx 



< C (l + ||v;Z?||) \\Vv,;L\n+\BiiO,0),n))\\ (j|u - u„; L2(fi+)|| + ||y (u - u„) ; L°°(f}+) 

< C(u) (l + i|v;i^|l) \\V^;L\n+\B{{0,0),n))\\. 



Passing to the limit in n, we get 

lim / (v + ei ) • Vw • u„ rfx = / (v + ei ) ■ Vw ■ ii dx 

Finally, using that f has compact support, we get, for n sufficiently large. 



f • u„ dx = / f ■ u dx . 

Passing to the limit in (|55| with ii„ we obtain (p5)) with ii. This completes the proof of (JH1|) . 

3.3.4 Proof of (H3) 

With arguments similar to the ones in the previous subsection we show that we have for any (v, w) G D^ 
and ii an a-solution. 



lim 



(v + ei) • Vv^r 



Un dx= I (v 



eA ■ Vw • u dx 
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From ((7^ we get 

/ (v + ei) • V(u — u„) • w dx 
Jn+ 

< C (1 + ||v; DID llf ; £2(0+ \ B((0, 0), n))|| [\\y'\/{u^ - u); L°°{n+)\\ + ||yV(u„ - u); L^{n+)\\ 

<C{u) (l+||v;D||) ||w/y;L2(o+\i?((0,0),n))|| . 

The Hardy inequality implies that w/y G iy2(J7_|_). Consequently, we have the following limit, 

lim / (v + ei) • Vu„ • w rfx = / (v + ei) ■ Vu ■ w dx . 

Since the approximation u„ has compact support, for any fixed n g N, we have 

/ (v + ei) • Vw • u„ dx = — / (v + ei) • Vu„ • w dx . 

Therefore, the same identity is true for w. This proves (|H3p . 



4 Uniqueness of solutions for Problem 1 

To conclude the paper, we sketch the proof that weak solutions for small obstacles are also unique. We 
note that this result is not included Theorem 1171 First, this previous theorem applies to u^. Hence, it 
gives information on u^ only far from S^ where u^ coincides with u^. Second, the "unique" a-solution u^, 
to which Ug is compared, depends itself on the source term obtained from u^ in the truncation procedure. 
However another weak solution to Problem 1 could create another source term. Our final result is 

Theorem 22 There exists e" > 0, such that, for all e < e", if u is a weak solution to Problem 1 for S^ 
then u = Ug. 

Proof. The following proof is very close to the proof of Theorem 1171 Hence, we only sketch the main 
ideas. First, we fix a > 3 and choose Eg such that, for all e < Sq, any weak solution u^ is equal to the 
a-solution u^ outside B{2h/3). Furthermore, there holds (see Lemma I16[) : 

\\ue]Uj<Ca.\\u,;D\\ . 

for some constant Cq depending only on a. Here, u^ stands once again for the Fourier transform of u^ 
with respect to x. Now, let e < e^ and let u be a weak solution of Problem 1 for S^. Following the sketch 
of proof of wTheorem 1171 we obtain that 



|u - u.; D|p < / (u - Ue) • Vue • (u - u^) dx 



The technicalities which arise here are analogous to (H1)-(H4), and are justified by splitting integrals as 
follows: 

I{v,w,z) := / (v + ei) ■ Vvir • z dx = /,„t(v,w,z) +/e.-i;f(v,w,z) , 

where 

4ii(v,vif,z) := / (v + ei) • Vw ■ z dx , /i„t(v, w, z) := / (v + ei) • Vvir • z dx . 

Jn+\B{2h/3) JB(2h/3) 

Therefore, one proves, as in sections 13.3.21 to 13.3.41 suitable continuity and antisymmetric properties of 
the trilinear form /, when applied to u^, and using the fact that in I^xt the weak solution Ug coincides 
with the a-solution u^. This yields 



\u-u,:DP <C 



\u,-Uc.\\ + \\vie\D\ 



\n-n,:D\\ 



<C^\\n,-D\\ l|u-u,;D|| 
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According to Theorem [5l there exists ef such that, if e < e", we have IJUe;!?!! < 1/(2Cq). This 
completes the proof. ■ 
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